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TECHNICAL NOTE

Calcalation of the monthly-average transmittance-absorptance product
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1. INTROBUCTION

Simple design methods have been developed to estimate the
monthly average thermal performance of many types of solar
energy systems. Examples of design methods are the f-Chart
method[1] for space and water heating systems, the solar load
ratio method[2] for passive solar heating systems and the util-
izability methods[3-5] for various types of industrial process and
afr conditioning systems. _

These methods all require as input data, §, the monthly
average daily solar radiation per unit area absorbed on the
collector plate surface. § is the product of Hy, the monthly
average daily radiation per unit area incident on a plane at the
same orientation as the collector, and (7a), a monthly average
transmittance-absorptance product. Methods are available to
estimate Hy for surfaces of specified fixed orientation using
commonly available radiation data on a horizontal surface[6].
Also, a value of the transmitfance-absorptance product for radi-
ation at normal incidence, {ra),. can generally be obtained for
experiment[7} or theory[8]. The concern of this paper is with a
method of estimating the ratio of the monthly average to normal
incidence transmittance-absorptance products, (ra)/(ra),, a fac-
tor which considers the variations in transmittance of the trans-
parent collector cover system and absorptance of the collector
plate with the solar position,

2. THE COLLECTOR TRANSMITTANCE-ABSORPTANCE
PRODUCT

The transmittance of the transparent collector cover(s), , and
the absorptance of the coflector plate, a, are functions of the
materials and the incidence angle of solar radiation. Ordinarily,
the beam, diffuse and ground-reflected compenents of the sofar
radjation are incident on the collector surface at different angles.
As a result, {ra), the transmittance-absorptance product at a
given instant of time must be calculated as the radiation-weighted
average of the beam, diffuse, and ground-reflected radiation
components. Assuming diffuse radiation to be isotropic and a
diftusively reflecting ground surface, (re) is given by eqn (i).
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where Gy, is the solar flux on the titted coflector surface: @, is
the solar flux on a horizontal surface; G, Gy, are respectively
the solar fluxes of beam and diffuse radiation on a horizontal
surface; Ry, is the ratio of beam radiation on the tilted surface to
that on a horizontal surface; p, is the ground reflectance; f, is the
angle between the plane of the collector and the horizontal:
(ra)p, {ra)q and (7a), are the transmittance-absorptance
products for beam, diffuse and reflected solar radiation.

In the analysis which follows, it is convenient to divide eqn (1)
by (ra),, the transmittance-absorptance product for radiation at
normal incidence, to obtain equation (2).
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Methods for calculating Gy, Gy, Gy and R, when G is known are
given in Duffie and Beckman|[8]. The transmittance-absorptance
product ratios, (ra}y/(ra),, (ra)s(ra), and (ra)/ire),, can be
obtained by theory or experiment as described below.

3. THEORETICAL DETERMINATION OF THE COLLECTOR
TRANSMITTANCE-ABSORPTANCE PRODUCT RATIOS

The transmittance of the fransparent cover system to beam
radiation at a known incidence angle can be determined by
calculating the reflectance and absorptance of the covers using
the Fresnel equation and Bouger's law as described in Puffie and
Beckman, The collector plate absorptance for solar radiation at a
particular incidence angle is difficult to assess in general since it
is a function of both the material and the surface condition.
Measurements of the absorptance of a non-selective blackened
surface as a function of incidence angle were taken by Hottel
and Woertz[9). The limited data available suggests that the
angular dependence of the absorptance of selective surfaces used
in solar coliectors is of similar form{10].

Some of the radiation reflected from the collector absorber
surface is reflected from the transparent cover system back onto
the absorber, As a result, {ra);, the transmittance-absorptance
product for beam radiation, is given by eqn (3).

T
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where p; is the reflectance of the transparent cover system for
diffuse radiation, Duffic and Beckman recommend that p, be
calculated from the Fresnel equation with an incidence angle of
60°.

Plots of (ra)sf{re), vs beam radiation incidence angle for
cover systems consisting of one to four indenticat sheets of glass
(refractive index = 1.526) are given in Fig. 1. KL, the extinction
coefficient-path Jength product was set to 0.04 per plate to
produce Fig, 1, although it was observed that the plots are nearly
independent of the value of KL within the range 0.01-0.06. The
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Fig. 1. (7a),/(7a}, vs incidence angle.
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plots of (sx),/(ra), are sensitive to the refractive index of the
cover material, so Fig. 1 is applicable only for glass or other
glazing materials such as Tedlar which have a refractive index
similar to that of glass.

Assuming diffuse radiation to be isotropic, it has been shown
that the transmittance-absorptance preduct ratio for diffuse
radiation, (7} (re),, has a value corresponding to that for beam
radiation at an incidence angle of approx. 60°[9, 11,12]. The
transmittance-absorptance product ratio for ground-refiected
sadiation can be determined in a similar manner. The ground is
assumed to be a diffusely reflecting surface having an average
reflectance of p. Under these circumstances, Brandemuehl and
Beckman[12] have calculated the mean incidence angle, 8, for
which (ra)uf(ra), (from Fig )} is equal to (ra)/(ra),. 6, varies
from 60° for vertical surfaces to 90° for horizontal surfaces and is
given approx. by the relationship in eqn (4).

8, =89.8—0.57885 + 0.00269382% @

4, EXPERIMENTAL DETERMINATION OF (re)y/(rex),,

The ASHRAE 93-77 solar collector testing standard[7] des-
cribes two methods of experimentally determining K., the in-
cidence angle medifier which, in the nomenclature of this paper,
is (a)f(ra),. Ordinarily, collector thermal performance tests are
performed on sunny days in which the diffuse radiation on the
collector surface is small refative to the beam radiation. Assom-
ing the ground-reflected radiation to be small also, the incidence
angle modifier is approximately a measure of (ra)y/{ra),. The
ASHRAE testing standard recommends that the incidence angle
modifier be plotted against (1jcos & — 1), a function which results
in a knear relationship for incidence angles less than 60°.
Experimental results in this form can be used in place of Fig. 1.

5. CALCULATION OF THE MONTHLY-AVERAGE
TRANSMITTANCE-ABSORPTANCE PRODUCT RATIO
Equation (2} provides a relationship for the transmittance-
absorptance product ratio at a given instant of time. However, it

is the monthly average value, (7a)/(7a),, which is needed for solar
energy system design methods. The monthly-average transmit-
tance—absorptance product is found by inteprating eqn (2) with
respect to time over a month of N days.

Collares-Pereira and Rabl[15] and others. ILiu and Jordan’s cor-
relation is used in the example calculation which follows.

The first term in the numerator of egn (5) is evaluated by
defining (re)yf{ra),, the monthly average transmittance-absorp-
tance product for beam radiation, such that

N _ - —
[ Gttty 1= - B R Gaera) N 9

where R, is the ratio of the monthly average beam radiation on
the tilted surface to that on a horizontal surface. R, can be
evaluated for surfaces of any orientation in the manner described
in Ref. {6]. Substituting egns (6)-(8) into eqn (5) resuits in the
finat relation for the monthly-average transmittance-absorptance
product ratio.
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Values of {mr)/(ta), have been obtained by numerically
evaluating the integral in eqn (8). For this integration, it is neces-
sary 1o assume that G, is distributed through the average day
according to its long-term average. Thus,
Gy, = (reH — raHy) (10)

where rr and r, are the long-term average hourty to daily ratios
for total and diffuse radiation which are given graphically in Liv
and Jordan]13] and analytically in Collares-Pereira and Rabl[15).
1t has been observed that the computational effort mvolved in
numerically integrating eqn {8) can be greatly reduced by using a
single average day to represent ezch month. The recommended
average days given in Table 1 of Ref. [6] were used for this
purpose. Table 1 compares values of (ro)f(7a), calculated for a
single average day and for the entire month for south facing
surfaces at 40°N latitude having one cover plate. The differences
between the average day and entire month results are quite smatl.
Values of (ra),/(ra), have been obtained for various collector
types at latitudes between 20.and S0°N, slopes between (° and %0°
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The integral in the denominator of eqn (5) is HriN monthly
average radiation (per unit area) on the cellector surface. Hr is
the product of H, the monthly average daily radiation on a
horizontal surface, and R, the ratio of the monthly average
radiation on a tilted surface to that on a horizontal surface. A
method of calculating R is given in Ref. [6].

The second and third terms within the integral in the numera-
tor of eqn (5) are easily evalvated since (ra)y/(ra), and
(7e) J(re), are assumed to be constants corresponding to the
values of (ra)sf{ra), for incidence angles of 60° and 6, respec-
tively.

N (1+ cos BN2rer)al{rex}s dt = Hy(1+cos BiATe)l (ra ), N (6)
Gd

N -
J. G, {1 - cos B)f2ra),/(ra), dt = Hp{1 - cos BYHra)(ra) N
)
In eqn (6), Hy is the monthly average daily diffuse radiation,

which can be estimated if H is known using one of several
similar correlations proposed by Lit and Jordan[13], Page[14],

and azimuths between (° (horizontal) and 90° (due east or west)
for all months of the year. The results are most conveniently
presented in terms of 6, the mean incidence angle for beam
radiation. 8, is the incidence angle at which (7a)s/{ra), from Fig.
{ {or from experimental incidence angle modifier plots) is equal
to (a)/(7a),. Plots of 8, are given in Figs. 2-7.

An analytical correlation for the results in Figs. 2-7 was
sought, but an acceptable relationship was not found. In previous
studies[1, 6], this author has indicated that for surfaces facing
directly towards the equator, 6, can be approximated as the
incidence angle at 2.5 hr from solar noon on the average day of -
the month. This rule Jeads to acceptable results for solar heating
systems, but inaccurate restlts are obtained for the summer
months for collector slopes less than about 45°. In addition, the
rule is not applicable for surfaces which do not face directly
towards the equator.

EXAMPLE
Estimate § for a vertical sonth-facing mass wall for a passively
solar heated building located in Madison, Wisconsin (43°N lat.).
The mass wall is unshaded and double-glazed with (7a), equal to
0.76. Compare these values of § with those obtained if the mass
wall is oriented 30° west of south.



Technical Note 549

Table 1. Comparison of values of {ra)s/(rar), calculated for an average day and for a month (40°N Lat.
Azimuth =0, 1 plate)

Tilt=0 Tilt = 45° Tilt = 90°

Galra,  (ralllra),  (radel(ra),  (radftra),  Cahl(ra),  (radyl(ru),
{Average day) Month (Average day) (Month) {Average day) (Month}

Jan. 0.737 0.738 0.9635
Feb. 0.822 0.819 0.961
Mar. 0.885 0.884 0.951
Apr. 0519 0.919 0941
May 0.932 0932 0.926
June 0.935 0.935 0.917
July 0.934 0.934 0.921
Aug. 0.926 0.925 0.535
Sept. 0.901 0.%00 0.948
Oct, 0.846 0.845 0.957
Nov. 0.762 0.761 (.963
Dec. 0.705 6.705 0.966

0.965 0.963 0.962
0.960 0.931 - 0932
0.951 0.861 0.862
0.540 0.746 0.746
0.926 0.583 0.586
0.817 0.476 0.477
0.921 0.526 0.531
0.935 0.686 9.691
4 0.948 0.823 0.826
0.957 0.912 0.513
0.964 0.955 0.956
0.966 0.968 0.968

Tabte 2. Calculation of § for a south-facing vertical surface in Madison, Wisconsis

A o Hy b _ §
Mim®) By R R (Mm®) () A{rahlira), (rod(re), (MIm?)
Tan. 641 049 264 133 1237 0B 0.96 0.94 8.86
Feb. 922 050 178 141 1297 48 0.93 091 8.9
Mar., 1399 054 106 097 1359 58 0.85 0.85 872
Apr. 1653 049" 055 06 1040 65 0.74 0.78 6.17
May 198 051 030 047 933 7 0.56 0.72 5.09
Tune 807 056 021 041 936 7S 0.45 0.69 493
July 2324 058 025 043 9% T4 0.49 0.69 5.18
Aug. 1976 056 043 055 1088 68 0.67 0.75 6.17
Sept. 1640 058 083 08 1353 6l 081 0.82 840
Oct. 1128 055 152 128 1444 51 0.92 0.90 9.82
Nov. 631 044 238 168 1063 42 0.96 0.93 7.52
Dec. 563 048 29 211 1185 37 0.97 0.95 8.54

Values of A and corresponding values of Kr (the ratio of
monthly total to extraterrestrial radiation) can be found in Ref.
[1}. For January, H is 6.41 M)m?, K7 is 0.49 and thus H,/H is
0.38 from eqn 10(a), Ref. [6]. R, is found from egn (8), Ref. [6}
(for south-facing surfaces} or eqn (11}, Ref. [6] (for surfaces
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Fig. 2. 8, vs slope for south-facing surfaces at 20°N and 30°N.
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which do not face directly south). For January, Rb_is 2.64 for the
south facing surface which results in a value of R of 1.93 from
eqn (7), Ref, [6] with p = 0.2. Hy, the monthly average daily total
radiation incident of the vertical south-facing surface, is the
product of H and R, equat to 12.37 MJ/m®-day. The monthly
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Fig. 3. 8, vs slope for south-facing surfaces at 40°N and 50°N,
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Fig. 4. 8, vs slope for surfaces facing 30° east or west of south. Fig. 6. 8, vs stope for surfaces facing 60° east or west of south.
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Fig. 5. 8, vs slope for surface facing 45° east or west of south. Fig. 7. 8, vs slope for surfaces facing ¥° east or west of south.

Table 3. Calculation of § for a vertical surface facing 30° west of south in Madison, Wisconsin

g B & _ _ 3

M) B R R M) ) (abfe) (o), (M)
Jan. 6.41 049 220 171 10.96 48 0.93 051 7.60
Feb. 9.22 050 158 128 11.77 50 0.92 0.90 8.04
Mar. 1395 054 103 095 13.26 54 0.89 0.88 8.79
Apr. 16.53 049 064 069 [.32 60 0.83 0.83 7.12
May 19.82 051 041 054 10.75 67 0.70 0.77 6.24
June 23.07 0.56 032 048 1o 69 0.65 0.75 6.23
July 3.4 0.58 036 050 11.66 69 0.65 0.74 6.53
Aug. 19.76 056 053 062 12.30 63 0.78 0.80 747
Sept. 16.40 058 08 0.85 13.86 56 0.88 0.86 9.05
Oct. 11,28 055 137 LI8 13.31 51 0.92 0.90 9.4
Nov. 6.31 044 207 150 9.49 48 0.93 0.91 6.55

Dec. 5.63 048 235 1.86 10.49 47 0.94 0.92 731
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average transmittance-absorptance product ratio is found from
eqn (9. From Fig. 1 at an incidence angle of 60°, (ra)/(ra), is
0.83. From eqn (4), 8 is approx. 60°, so (ra),/(ra), is also 0.83,
The mean incidence angle for beam radiation, 8, at a 43°N
latitude is found to be 39° by linearly interpolating the Janoary
values for latitudes of 40° and 50° in Fig. 3. Thus (ra)./{ra),,
from Fig. I, is 0.96. Substitution of these values into_egn (9)
results in {7a)/(ra),, equal to 0.94, S, the product of Hr, (ta},
and {ra)/{ra), is then 8.86 ME/m®. The calculations are snm-
marized in Table 2 (for the south-facing surface) and Table 3 {for
the vertical surface facing 30° west of south).

NOMENCLATURE

G total solar flux on a horizontal surface, W/m?
G, beam solar flux on a horizontal surface, W/m®
G, diffuse selar fiux on a horizontal surface, W/m?
Gy total solar flux on an inclined surface, Wim®
H monthly-average daily total radiation incident on a
herizontal surface, J/m?
H; monthly-average daily diffuse radiation incident on a
horizontal swrface, Jim?
Hr monthly-average daily total radiation incident on an in-
clined surface J/m?
extinction coefficient—path length product for a trans-
parent cover
Kr ratio of monthly total to extraterrestrial radiation on a
horizontal surface
incidence angle modifier ((ra}/(7a),)
number of days in a month
ratio of monthly-average radiation on an inclined surface
to that on a horizontal surface
R, ratio of the beam radiation on an inclined surface to that
on a horizontal surface
R, ratio of monthly-average beam radiation on a tilted sur-
_ face to that on a horizontal surface
S5 monthly-average daily total radiation absorbed on an in-
clined surface, J/m?
{ time, sec

Greek: characters

absorptance for solar radiation

surface inclination {°)

incidence angle of solar radiation (=)

mean incidence angle for beam radiation (2)

mean incidence angle for ground-reflected radiation (v)

ground reflectance

reflectance of the transparent cover system for diffuse
radiation

collector transmittance-absorptance product

cotlector transmittance-absorptance product for beam
radiation

collector transmittance-absorptance product for diffuse
radiation

P Pfilmw R

(re)
(ra)y

(ra)q

collector transmittance-absorptance product for diffuse
o at normal incidence
(ra) monthly-average collector
_ product

(ta); monthly-average collector transmittance-absorptance
product for beam radiation

(rar)s

transmittance-absorptance
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